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Extensibility of Cayley Graphs of a Class of Clifford Semigroups
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Abstract: The semigroup extension is based on a known or simple semigroup class and extends to a
class of semigroups by some method. The structure and properties of Cayley graphs of strong
semilattices of left groups are studied, and a sufficient condition is given that a directed graph is a

Cayley graph of strong semilattices of left groups. The 1%- expandability and 2- expandability of

Cay (T, P) graphs of Clifford semigroups with I' being a circle are characterized. If the left group is
restricted to be a group, the corresponding results of Cayley graphs of Clifford semigroups can be
obtained, thus generalizing some main conclusions about Cayley graphs of such semigroups.

1. Introduction

The study of Cayley graphs of groups has always been a relatively active field in graph theory.
At the same time, the study of Cayley graphs of semigroups has also caused great interest in graph
theory scholars and semigroup theory scholars——Fuzzy sets [1], and introduces various algebraic
operations and properties of fuzzy sets. Then the theoretical and applied research of fuzzy sets
became a research hotspot in many fields such as mathematics, computer, economics and society
and obtained rich research results [2-3]. There is a close connection between algebra and graph
theory. At present, algebraic objects and graph theory are mainly connected through the self-
homomorphic monoid of graphs, Cayley graphs, zero-factor graphs of rings or semigroups. The
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conditions required for the study of 2 expandability and 2-expandability of Cayley graphs are
more complex than those for the study of expandability.

The Cayley graph of semigroups has been studied by many scholars, and some new and
interesting results have been obtained in the past ten years. See Document [4]. Zhang discussed the
Cayley graph of Clifford semigroups in Document [5]. In dealing with most practical problems, it is
more difficult due to the uncertainty and fuzziness of information. After fuzzy sets and their
extensions have been proposed one after another, a new direction is provided for the solution of
such problems. However, these tools still have their limitations. Therefore, in order to find a better
solution to these practical problems, it is necessary to continuously establish better tools. The study
of Cayley graph and its generalization, an automorphism point transitive graph, has been very active
for a long time [6]. Because Cayley graph generally has a long path, it has some very good
combinatorial properties [7]. Cayley graphs are often used to construct some special graphs. In this
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paper, 2 extendibility and 2- extendibility of & (T+P) graphs of Clifford semigroups with
I"being a circle are characterized.

2. Propaedeutics

This paper assumes that all sets are finite. First, some basic concepts and symbols are introduced.
Graph refers to ordered triplet (Q’W’(D), where non-empty set Q is called vertex set, W is called
edge set, and W is a function of ordered pair or disordered pair cluster QxQ of elements in Q.

Regs represents the set of regular elements of S, Q(S) represents the set of idempotent elements
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of S, and <Q(S)>represents the subsemigroup generated by the set of idempotent elements. Let E

be a semigroup. Set C(S)={ceSIsc.seS} is called the center of S. The set of idempotent

elements is denoted E(S). S€S s called a regular element of S. If Y €S makes SYS=S._ If every
element in S is a regular element, then the semigroup is called a regular semigroup. Further, if
E(S)QC(S), then the regular semigroup is called a Clifford semigroup, that is, the idempotent
element of S is interchangeable with all other elements.

The basic homomorphism theorem of groups is reviewed. Let H be a group and ¢ be a full
homomorphism mapping from H to group H'. Homomorphism kernel J ={acH|ba= Z0‘}(0is
a constant element of H) is a normal subgroup of H quotient groups H/J and H of H pair J
are isomorphic. H can be regarded as an extension of normal subgroup J , which is done by means
of group H (or quotient group H /3 ) in some sense. We find that there is a similar situation for the

homomorphic image Ux of inverse semigroup H and Munn representing @ . First, we give the
concept of kernel of homomaorphic & .

3. Characterization of Complete Cayley Graphs on Completely Simple Semigroups

Theorem 3.1 Let 1 = AlH,L,P.Clpe 5 completely simple semigroup, P be a non-empty subset

of T , and take two unequal elements (J&4) and (4&7) in T | then
. -1..-1
(1,a,4) (a.e,7) € D(Cay(T\P)) 'ifand only if #=7and € <P exist, making (.ed"py.0) P
Proof: If ((j!a! ;u)a (q, e, 7)) € D(Cay(T, P)) , then (Vv Z, H) eP exists SO that

(v,2,0)(J,a, 1) = (v, 2p,d, 1) = (Q,8,7) Sy =,V =0 o4 ZPad =€,2=ed " p;"
Let T=AH,LP.G]l e 5 completely simple semigroup and P be a non-empty subset of T .
According to theorem 3.1, if two elements in T are connected by edges in graph Cay(T, P) then

the two elements belong to the same @ class of T . For any 7 € P , the derived subgraph of vertex

set ' in graph C(T.P) s called N. which is a branch of graph CY(T.P) obviously, for any

two unequal Hhr < PX(Nﬂ)mP(NV).

Theorem 3.2 Cayley graph I = Cay(T,P) of clifford semigroup F =K UL is connected if and

I, = Cay(L, K, un(R))

only if Cayley graph of group L is connected.

Proof: If Cayley graph I is connected and two vertices of I are taken, we need only prove that
there is a path of I' connecting the two vertices. According to the positions of the two vertices, we
can divide into the following three situations:

(1) @y, ¢, € S(I)
If teTojs taken, then t%% = t77(0).tery =t77() = L since 12 is connected, there

is a path O connecting 1% and 1. thus Po(12)02.(t2) s the path connecting #° and ..
peS), f €S(I,)

If L€ T2js taken, there is T — t77(#> = L Because ! is connected, there is a path O
connectingw and T . s0 ?(tP)OT s the path connecting © and | .
3 for freS(T)

T, f

Since ' 2is connected, there is a way O of I, connecting '© and f
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t XDy & pove V,b>0 x|y®,b|x°

Theorem 3.3 Let L be a commutative semigroup, and le and

then D is the congruence in L, and L =>L/D s the semilattice homomorphism of L . if
J:L=>L s also the semilattice homomorphism of L, then there is a unique homomorphism

e:L/D—>L making ] =€ . conversely, if L has the maximum semilattice homomorphism G,
then Gz=L/D )

Proof: D is the thinnest semilattice congruence of L. Since I is semilattice homomorphism,
the primitive image classification of I is semilattice congruence Kerg, thus D = Kerg , thus there is
a unique natural homomorphism €°L/D =L making 1= construct category W , object is
binary group(F’ m) , where F is semilattice, M:L = F is semigroup homomorphism, morphism is
homomorphism | *Fi = F2 making M =M then (L =L/D. ) js the starting object of W | if
(G.1) is also the starting object, then G =L 1),

Theorem 3.4 Let S be a semilattice and the kernels | and S of Munn semigroupsTS on S are
isomorphic.

Proof: Let #€Ts | then B is the isomorphism of 5 to St therefore, PB™ =P =By if
pel , then any idempotent elemen Ts of # and ts can be exchanged. therefore,
B=PBB B=BL=PB <o B'B=P"BB o Pr=PP anq B=BBB=PB =58 ¢
22 :ﬂfﬁS, S0 P. =P , thus S= T obtained. Therefore, B is the automorphism of SS. It is proved

s 1 PESbB=lig oot BB=P According to the
beS, ps=b S(bs)=Sb

below that # is the constant isomorphism of S
multiplication rule of Ts , the domain of B should be S®S) Because

Because i 's domain is SI, b=1_ Therefore, # is the constant isomorphism of s . That is,

ﬂ:ﬂs eTS_

4. Clifford Semigroup Packets of Separable Semigroups

4 DIV,,U) %0

Theorem 4.1 If T2 is a circle an then the Cayley graph T2 of clifford
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semigroups isnot 2 extendable or 2—extendable.

Proof: Let's assume ©2=Ca¥(D.\V, UAC)) =i, +ijiy jg in€D/Vy,(U) m=01---n, — opy c(iy) =1

According to parity of UI+I1D] , it can be divided into the following two cases:
@if [UI1+1D1 s odd, if 4=
of covering b with T ns
@) 1f 1Y1+1Dlis an even number and by =1y,

Im+lI

m+2 and vertex 'mtare selected, then there is no perfect match

1,0y =1

malmi2r s selected, then there is no
perfect match of I' covering .

Theorem 4.2 Let 7 be a separable E —fuzzy Clifford semigroup and vyeC

be idempotent,
2
that is, the necessary and sufficient condition of Y =Y isthat ¥ is the center of Cr .
2
Proof: The sufficiency of forensics. Let V5 €C be the center of Cr then T(Y¥) Zt(Y)  ang

2 2
TS Y)<tY) is known from the strictness of T, so T (YY) =t =tY.¥) " combined with
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2
separability, can obtain ¥ =Y.

‘v’yeC

2
The necessity of re-proving. If has ¥ =Y, then T(V:Y)=t(Y) 50 ¥ is the center of

C

Inference 1 Let C1 be a separable E —fuzzy Clifford semigroup, Y,e(Y)€C and ¢¥) are only
related to Y, if there is a weak I equivalence relation, ' (¥:¢(¥)) 2t(¥) js sufficient and only
C(¥) =Y exists in the contemporary number C.

Proof: Adequacy. If Y'¢(Y) €C and €)=Y there is T(C(Y).¥)=1(Y)  obviously, the weak
T equivalence relation T (¥:€(¥)) 2 (y)

Necessity. If Yy €C pas T, V) Zt(Y) ang TEY).Y) =t(Y) is known in combination with
the strictness of weak I' equivalence relation, then cy)=vy,

Theorem 4.3 Lis the J equivalent of N | L is the d equivalent of Te.
Proof: Let L=L" I-Z(L1 L, are each an F equivalent class and a K equivalent class of N).

By Theorem 4.2, L=L,.L=L, are each an F equivalent class and a K equivalent class of Te,
Thus L =L "L s a J equivalent class of Te. L =(Lnb)rel, oby =L rigt assume that
L has idempotent V, thus ¥” €L so L and Lare both groups. Let | €L, from Lels then bk

makes v = Similarly'2 € L2 makes b, =1 Because ()7 =101 =vy, (L)Y =1'(1)* =Vvr,
so ()7 =0L")7  Because Hh™ and bl are idempotent, so W=l Similarly =11,
Therefore Il, l; are in the same J equivalence, because hebl, e LZ, so i and 2 are all in,
=l e L7, thus proving L< Ly. So L= Ly. Then suppose L is not a group, because Lc Li, let

the J equivalent class X contained in L pe a group, then X, is the J equivalent class of Te.

a,b aX =L,bL=X

According to green lemma, there is in N to make , SO

@) (Xy) = (Ly). 0Ly =(X7) 50 & isalso the I equivalent class of Te.
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